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ON FIRST INTEGRALS ADMITTING ASYMPTOTIC EXPANSION
FOR HOLOMORPHIC FOLIATIONS IN DIMENSION TWO
F. REIS
Abstract. In this paper we study the dynamics of a holomorphic vector field near a
singular point in dimension two using asymptotic expansion techniques. We consider a
holomorphic vector field admitting first integrals in small sectors with nonzero asymptotic
expansion. Under some natural hypotheses we prove the existence of a holomorphic first
integral.
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1. Introduction and main results
A holomorphic 1-form ω(x, y) = A(x, y)dx+B(x, y)dy defined in a neighborhood U of
0 ∈ C2 defines a holomorphic foliation Fω in U with singular set sing(Fω) = sing(ω).
For our purposes we may assume that sing(ω) = {0}. Indeed we are concerned with the
corresponding germ of foliation at the origin. Given such a germ F a separatrix of F is
the germ of an irreducible analytic curve Γ with 0 ∈ Γ and which is invariant by F . In
this case Γ \ {0} is a leaf of F . The existence of separatrix is proved in [7]. Foliations
with a finite number of separatrices are called non-dicritical.
Motivated by the case of real planar vector fields we want to investigate the connections
between the dynamics of F near its separatrices and the global behavior of F . Our
approach is based on the notion of asymptotic expansion of one-variable holomorphic
functions. More precisely we investigate minimal conditions under which the existence of
suitable local first integrals in suitable open sets near the separatrices assure the existence
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2 F. REIS
of a holomorphic first integral in a neighborhood of the origin. For this sake we shall work
with the notion asymptotic expansion of a holomorphic function.
The classical theory of asymptotic expansion is a well developed subject. There are
many classic books on the subject (for instance [2, 3, 14, 27, 34]). The aim of this paper
is to study asymptotic expansion associated to holomorphic dynamical systems.
Given a germ F of foliation at 0 ∈ C2 and a separatrix Γ of F we shall say that
a pair (F ,Γ) admits a sectorial first integral if given any representative FU of F in a
neighborhood U of 0 ∈ C2, for any transverse section Σ with p = Σ∩Γ 6= {0}, there exist
a sector S ⊂ Σ with vertex at p which is invariant by FU and a holomorphic function
ϕ : S → C such that ϕ is constant in the trace of each leaf of F in U . The sectorial first
integral is moderate if ϕ admits a nonzero asymptotic expansion in S. If F is a germ
of foliation, admitting a holomorphic first integral f : U → C given by the restriction
ϕ = f |Σ, then F is non-dicritical and for each separatrix Γ of F the pair (F ,Γ) admits a
moderate sectorial first integral. The converse of this fact is stated below:
Theorem 1.1. Let F be a non-dicritical germ of holomophic foliation at 0 ∈ C2. Assume
that F is a generalized curve and some pair (F ,Γ) admits a moderate sectorial first
integral. Then F admits a holomorphic first integral in a neighborhood of 0 ∈ C2.
We refer to [7] for the notion of generalized curve. As for the moment we say that
the desingularization of F by quadratic blow-ups produces no saddle-node singularities,
i.e, only singularities with non-singular linear part. Let us introduce another important
notion we use. A separatrix Γ of F is called non-weak if after the reduction of singularities
of F , every point of the exceptional divisor can be connected to Γ by a sequence of
projective lines starting at Γ and such that every time we reach a corner, we arrive either
on a separatrix of a non-degenerated singularity or on a strong (non-weak) manifold of a
saddle-node. We refer to section §6 for further details on the resolution of singularities
process.
With this notion we can extend Theorem 1.1 as follow:
Theorem 1.2. Let F be a non-dicritical germ of holomophic foliation at 0 ∈ C2. Assume
that for some non-weak separatrix Γ of F the pair (F ,Γ) admits a moderate sectorial first
integral. Then F admits a holomorphic first integral in a neighborhood of 0 ∈ C2.
The hypothesis of generalized curve can be removed if we consider all separatrices of
F . Indeed,
Theorem 1.3. Let F be a non-dicritical germ of holomophic foliation at 0 ∈ C2. Assume
that for every separatrix Γ of F the pair (F ,Γ) admits a moderate sectorial first integral
then F admits a holomorphic first integral.
As an application of our results we will give a proof of the following theorem of Mattei-
Moussu:
Theorem 1.4 (Mattei-Moussu [23], pg. 472, Theorem A). Let F be a germ of holomophic
foliation at 0 ∈ C2. Suppose that F admits a nonzero formal first integral. Then F admits
a holomorphic first integral.
In section §7 we discuss the above hypotheses in some examples. The paper is organized
as follows: In section §2 we give definitions and some basic results in asymptotic theory in
one dimensions. In section §3 we study germs of diffeomorphisms admitting an invariant
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sector. In section §4 we prove the existence of a formal normal form for formal power
series. Section §5 is devoted to the study of the subgroups of diffeomorphisms that are
invariant by functions with asymptotic expansion. Section §6, we give some basics notions
of holomorphic foliations and resolution of singularities. In the next section, we turn our
attention to some importants examples that justify the hypothesis of main results. In
section §8 we explore an important tool called Dulac correspondence. As an aplication of
this tool we can transpont the moderate sectorial first integral. This fact is fundamental
to prove Theorem 1.1 and Theorem 1.2. In section §9 we present the proof Theorem
1.1. In section §10 we study the saddle-node case. We give the notion of asymptotic
expansion in dimension two. Furthermore, we use the Hukuara-Kimura-Matuda theorem
[17] in order to study the strong separatrix and the presence of the moderate sectorial
first integral. In section §11 we prove a fundamental proposition to demonstrate Theorem
1.2. In section §12 we prove Theorem 1.3. In the last section, we give an application of
the techniques developed in the previous sections. We present a proof for Theorem 1.4.
2. A review of asymptotic expansion in dimension one
Let us recall the definition of asymptotic expansion in dimension one.
Definition 2.1. Given R ∈ R+ and α1, α2 ∈ R, a sector S with vertex at the origin in C
is a subset defined by
S = {z ∈ C : 0 <| z |< R,α1 < arg(z) < α2}.
Definition 2.2 ([34] pg. 32). A holomorphic function ϕ is said to admits a formal power
series ϕˆ(z) =
∑∞
n=0 ajz
j as asymptotic expansion on a sector S ⊂ C if for all proper
sub-sector S ′ ⊂ S and all k ∈ N, there exist a constant Ak > 0 such that
|| ϕ(z)−
k−1∑
n=0
ajz
j ||≤ Ak || z ||k
for all z ∈ S ′.
The existence of an asymptotic expansion is guaranteed by the following result:
Theorem 2.1 (citeWasow pg. 40). Let ϕ be holomorphic in a sector S. If all the limits
ϕr = lim
z→0
ϕ(r)(z),
exist for every r = 0, 1, ... then ϕ admits
∑∞
r=0
ϕr
r!
zr as asymptotic expansion in S.
We will summarize the main theorems on asymptotic expansion in a single result as
follows.
Theorem 2.2 ([34] pg. 33). Let ϕ, ψ be holomorphic functions that admit, respectively,∑∞
r=0 arz
r in a sector S and
∑∞
r=0 brz
r in a sector T , as asymptotic expansion. Then
(I) ar =
1
r!
limz→0 ϕ(r)(z), with z belongs to proper subsectors.
(II) If S = D(0, r) − {0} with radius r > 0 and vertex at 0 ∈ C then ϕ is holomor-
phic in D(0, r) and ar =
ϕ(r)(0)
r!
.
(III) ϕ admits at most one asymptotic series representation in S.
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(IV) αϕ+ βψ admits
∑∞
r=0(αar + βbr)z
r as asymptotic expansion.
(V) The product ϕψ admits (
∑∞
r=0 arz
r) (
∑∞
r=0 brz
r) =
∑∞
r=0 crz
r as asymptotic expan-
sion, with
cr =
r∑
j=0
ajbr−j.
(VI) if a0 6= 0, then 1ϕ(z) admits
∑∞
0 ctz
t where,( ∞∑
r=0
arz
r
)( ∞∑
r=0
ctz
t
)
= 1.
(VII) The composition ψ ◦ϕ(z) admits ∑∞0 dtzt as asymptotic expansion, where the coef-
ficients dt are obtained by formal insertion of the series for ϕ(z) into the series for ψ(u)
followed by collection of like powers of z.
(VIII) If S = {0 <| z |< z0, : θ1 ≤ arg(z) ≤ θ2} with θ2 > θ1, then the derivative
ϕ′(z) admits
∑∞
r=0 rarz
r−1 as asymptotic expansion in S∗ = {0 <| z |< z0, : θ1 < θ∗1 ≤
arg(z) ≤ θ∗2 < θ2}.
Finally, the next result will be useful later in this paper.
Theorem 2.3 (Borel-Ritt, [34] pg. 40). Let ϕˆ =
∑
arz
r ∈ C[[z]] be a formal power
series and S a sector in C. Then there exists a function ϕ holomorphic in S such that ϕ
admits ϕˆ as asymptotic expansion in S.
Example 2.1 ([20], pg. 8). An interesting example of function with asymptotic expansion
is given by a classical differential equation
x2
dy
dx
+ y = x.(2.1)
The 2.1 equation is called Euler equation. The divergent series E˜(x) =
∑
n≤0(−1)nn!xn+1
is the unique power series solution of the Euler equation. The series E˜ is called Euler
series and it is divergent for all x 6= 0. The function
E(x) =
∫ x
0
exp
(
−1
t
+
1
x
)
dt
t
=
∫ +∞
0
e−
xi
x
1 + ξ
dξ.
admits E˜(x) as asymptotic expansion on the sector S = {x ∈ C;Re(x) > 0}.
3. Germs of diffeomorphisms and invariant sectors
We denote by Diff(C, 0) the group of germs of diffeomorphism fixing the origin. Con-
sider f ∈ Diff(C, 0) given by f(z) = λz + ak+1zk+1 + . . . , k ≥ 1, λ ∈ C∗. We have the
following classification:
(i) Hyperbolic Case: |λ| 6= 1;
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(ii) Elliptic Case: |λ| = 1, λk 6= 1, for all k ∈ N \ {0};
(iii) Parabolic Case: λk = 1 for some k ∈ N \ {0}.
Definition 3.1. Let f be a germ of holomorphic diffeomorphism fixing 0. We say that
f admits an proper invariant sector S $ C∗, if for a representative fU : U → f(U) of f
there is a sector S ⊂ U with vertex at 0 such that f(S) ⊂ S. In this case we also say that
S is f -invariant.
Invariant sectors always exist in the case of germs tangent to the identity.
Theorem 3.1 (Camacho [6] pg. 84, Theorem 1). Let f : (C, 0) → (C, 0) be a germ of
a holomorphic diffeomorphism tangent to the identity f(z) = z +
∑
j≥2
ajz
j, a2 6= 0. Then
there exist sectors S+ and S− with vertices at 0 ∈ C, angles pi − θ0 (where 0 < θ0 < pi/2)
and opposite bisectrices in such a way that:
(i) f(S+) ⊂ S+, lim
n→+∞
fn(z) = 0, ∀ z ∈ S+
(ii) f−1(S−) ⊂ S−, lim
n→+∞
f−n(z) = 0, ∀ z ∈ S−
The two next lemmas deal with the hyperbolic and elliptic cases.
Remark 3.1. Let f(z) = λz + O(z2), with | λ |6= 1 be a hyperbolic germ of a diffeomor-
phism. Then there is a proper f -invariant sector (which is not a disc) only if 0 < λ < 1.
Proof. Indeed, suppose that there is a sector S = {z ∈ C : 0 <| z |< R,α1 < arg(z) < α2}
such that f(S) ⊂ S. It is known ([5] pg. 14, Theorem 2.1 and Corollary 2.3) that there is
a diffeomorphism g such that g ◦ f ◦ g−1(z) = λz. Writing z = reiα and λ = seiβ we have
g ◦ f ◦ g−1(z) = λz
= rsei(α+β).
Therefore, f(S) ⊂ S only if β = 0 and λ =| λ |= s < 1. 
Remark 3.2. Let f(z) = λz + O(z2) be a germ of difeomorphism with | λ |= 1, λk 6= 1,
for all k ∈ N \ {0}. Then there are no proper f -invariant sectors (which is not a disc).
Proof. Let S = {z ∈ C : 0 ≤| z |< R,α1 < arg(z) < α2} be a sector in C. Consider
the straight lines r and s, that pass through the origin of C associated with the angles
α1, α2 respectively. That is, r : y = tan(α1)x, and s : y = tan(α2)x. Take the vectors
v1 = e
iα1 ∈ r and v2 = eiα2 ∈ s. We observe that f ′(0) = eiθ for some θ ∈ R, θ 6= 0 .
Thus,
f ′(0) · v1 = eiθeiα1 = ei(θ+α1)
and
f ′(0) · v2 = eiθeiα2 = ei(θ+α2).
If S is f -invariant then
α1 ≤ θ + α1 ≤ α2
and
α1 ≤ θ + α2 ≤ α2.
This implies that 0 ≤ θ ≤ α2 − α1 and α1 − α2 ≤ θ ≤ 0 and, θ = 0. Therefore, λ = 1,
contradiction. 
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4. Formal power series and change of coordinates
In this section we prove a normal form for formal power series in one complex variable.
We will denote by C[[z]] the ring of formal power series in the complex variable z.
Lemma 4.1. Let ϕˆ(z) =
∑∞
j=1 ajz
j be a formal power series in C[[z]]. Then there are
ν ∈ N and an invertible formal power series ψˆ ∈ C[[z]] such that
ϕˆ ◦ ψˆ(z) = zν
for all z ∈ C.
For the proof of this lemma, we will need some results about formal power series.
Theorem 4.1 ([12] pg. 15, Theorem 7.1). Let ϕˆ(z) =
∑∞
j=0 ajz
j ∈ C[[z]]. There exists
ψˆ ∈ C[[z]] such that ϕˆ(ψˆ(u)) = u if and only if a0 = 0 and ϕˆ′(0) = a1 6= 0. If such a ψˆ
exists then it is unique and ψˆ(ϕˆ(z)) = z.
Theorem 4.2 ([26] pg. 874, Theorem 3). Let ϕˆ(z) =
∑∞
j=0 ajz
j be a formal power series,
with a0 = 1 and let n0 be any positive integer. Then there is a unique ψˆ(z) =
∑∞
j=0 bjz
j,
with b0 = 1 such that (ψˆ(z))
n0 = ϕˆ(z).
Remark 4.1. Theorem 4.2 allows us to define (ϕˆ(z))
1
n0 = ψˆ(z).
Definition 4.1 ([26] pg. 878). Let ϕˆ(z) =
∑∞
j=0 ajz
j be a formal power series with a0 = 1
and µˆ(z) =
∑∞
j=1 ajz
j, where ϕˆ = 1 + µˆ. The formal logarithm of ϕˆ is
L(ϕˆ) = L(1 + µˆ) = µˆ− 1
2
µˆ2 +
1
4
µˆ4 + · · · =
∞∑
j=1
(−1)j+1 µˆ
j
j
.
Given ψˆ(z) =
∑∞
j=0 bjz
j where b0 = 0, the formal exponential of ψˆ is
E(ψˆ) = 1 + ψˆ +
ψˆ2
2!
+
ψˆ3
3!
+ · · · =
∞∑
n=0
ψˆn
n!
.
Theorem 4.3 ([26] pg. 880, Theorem 19). Let ϕˆ, ψˆ ∈ C[[z]] be formal power series
such that ϕˆ(z) =
∑∞
j=0 ajz
j, with a0 = 1 and ψˆ(z) =
∑∞
j=1 bjz
j, with b0 = 0. Then
L(E(ψˆ)) = ψˆ and E(L(ϕˆ)) = ϕˆ.
Remark 4.2. Theorem 4.3 implies that there is a bijection between the formal power
series such that the constant term is 1 and the formal power series such the constant term
is 0.
Proof of Lemma 4.1. Put n0 = min{j ∈ N; aj 6= 0}. Defining
µˆ(z) =
∞∑
j≥n0+1
aj
an0
zj−n0
we can write
ϕˆ(z) = an0z
n0 [1 + µˆ(z)]
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with µˆ(0) = 0. Let b be a n0-th root of an0 6= 0. Define γˆ(z) = bz(1 + µˆ(z))
1
n0 . By
Theorem 4.2, (1 + µˆ(z))
1
n0 is a well defined formal power series (see Remark 4.1) with
constant term equals to 1. Then, γˆ is a well defined power formal series, such that
γˆ(z)n0 = an0z
n0(1 + µˆ(z))
γˆ(0) = 0 and γˆ′(0) = b 6= 0. By Theorem 4.1 there is a formal power series ψˆ, wich is an
inverse for γˆ. Therefore,
ϕˆ ◦ ψˆ(z) = an0(ψˆ(z))n0 [1 + µˆ(ψˆ(z))]
= (γˆ ◦ ψˆ(z))n0
= zn0 .

5. Invariance and finiteness
This section is dedicated to the study of subgroups G of Diff(C, 0) admitting an
invariant sector S and a suitable holomorphic function ϕ in S which is constant in the
pseudorbits of G in S.
Lemma 5.1. Let ϕ : S → C be a holomorphic function that admits a nonzero asymptotic
expansion ϕˆ(z) in a sector S ⊂ C. Suppose that there is a holomorphic function f : U → C
defined in a neighborhood U of 0 ∈ C with f(0) = 0 and f(S ∩ U) ⊂ S ∩ U . If ϕ ◦ f = ϕ
in S ∩ U then ϕˆ ◦ f = ϕˆ in S ∩ U .
Proof. For simplicity of notation we may suppose S ⊂ U . We fix k ∈ N. Using the
asymptotic expansion of ϕ in S there are Bk ∈ C such that for each z ∈ S
| ϕ ◦ f(z)−
k−1∑
j=0
aj[f(z)]
j | ≤ Bkzk.
Since ϕˆ ◦ f(z) = ∑∞j=0 aj[f(z)]j and ϕ ◦ f = ϕ, so for all z ∈ S, we have
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| ϕ(z)−
k−1∑
j=0
aj[f(z)]
j | = | ϕ(z)−
k−1∑
j=0
ajz
j +
k−1∑
j=0
ajz
j −
k−1∑
j=0
aj[f(z)]
j |
≤ | ϕ(z)−
k−1∑
j=0
ajz
j | + |
k−1∑
j=0
ajz
j −
k−1∑
j=0
aj[f(z)]
j |
= | ϕ(z)−
k−1∑
j=0
ajz
j | + |
k−1∑
j=0
ajz
j − ϕ(z) + ϕ(z)−
k−1∑
j=0
aj[f(z)]
j |
≤ | ϕ(z)−
k−1∑
j=0
ajz
j | + |
k−1∑
j=0
ajz
j − ϕ(z) | + | ϕ(z)−
k−1∑
j=0
aj[f(z)]
j |
= | ϕ(z)−
k−1∑
j=0
ajz
j | + | ϕ(z)−
k−1∑
j=0
ajz
j | + | ϕ ◦ f(z)−
k−1∑
j=0
aj[f(z)]
j |
≤ Akzk + Akzk +Bkzk
= [2Ak +Bk]z
k.
We conclude that there is a constant Ck = 2Ak +Bk such that | ϕ(z)−
∑k−1
j=0 aj[f(z)]
j |≤
Ckz
k, ∀z ∈ S, i.e., ϕ admits ∑∞j=0 aj[f ]j = ϕˆ◦f as asymptotic expansion in S. Therefore,
by unicity of the asymptotic expansion (see Theorem 2.2),
ϕˆ ◦ f(z) = ϕˆ(z),∀z ∈ S.

Next we stablish a key point in our argumentation concerning groups of germs of
diffeomorphisms. Let ϕ : S → C be a non-constant holomorphic function that admits a
nonzero asymptotic expansion ϕˆ(z) in a sector S ⊂ C. We define the invariance group of
ϕ as
InvS(ϕ) = {f ∈ Diff(C, 0) : f(S) ⊂ S and ϕ ◦ f = ϕ in S} .
This is a subgroup of Diff(C, 0).
Example 5.1. Consider the function ϕ(z) = cos
(
2pi
z
)
. Then Inv(ϕ) =< f, g >, where
f(z) = −z and g(z) = 1
1−z . The invariance group Inv(ϕ) is not finite. The point is that
ϕ(z) does not admit an asymptotic expansion. Let us prove this. For every z 6= 0,
ϕ′(z) =
2pi
z2
sin
(
2pi
z
)
.
Consider the sector S = {z ∈ C : 0 ≤| z |< R,−α0 < arg(z) < α0}. For every 0 < α <
α0, let S
∗ ⊂ S be a proper subsector S∗ = {z ∈ C : 0 ≤| z |≤ r < R,−α ≤ arg(z) ≤ α}.
Let (zn)n∈N be a sequence of complex numbers given by zn = rn(1 + i tanα). Then
lim
n→∞
ϕ′(zn) = 2pi lim
n→∞
n2
r2(1 + i tanα)2
sin
(
2npi
r(1 + i tanα)
)
.(5.1)
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We observe that
2npi
r(1 + i tanα)
=
2npi
r(1 + i tanα)
(1− i tanα)
(1− i tanα)
=
2npi(1− i tanα)
r(1 + tan2 α)
=
2npi
r(1 + tan2 α)
− i 2npi tanα
r(1 + tan2 α)
.
Furthermore,
i
2npi
r(1 + i tanα)
= i
2npi
r(1 + tan2 α)
+
2npi tanα
r(1 + tan2 α)
and,
−i 2npi
r(1 + i tanα)
= −i 2npi
r(1 + tan2 α)
− 2npi tanα
r(1 + tan2 α)
.
Then,
sin
(
2npi
r(1 + i tanα)
)
= ei(
2npi
r(1+i tanα)) − e−i( 2npir(1+i tanα))
= e
i 2npi
r(1+tan2 α) e
2npi tanα
r(1+tan2 α) − e−i 2npir(1+tan2 α) e− 2npi tanαr(1+tan2 α) .
From this last equation and equation 5.1 we have
lim
n→∞
ϕ′(zn) = 2pi lim
n→∞
n2
r2(1 + i tanα)2
sin
(
2npi
r(1 + i tanα)
)
= 2pi lim
n→∞
n2
r2(1 + i tanα)2
[e
i 2npi
r(1+tan2 α) e
2npi tanα
r(1+tan2 α) − e−i 2npir(1+tan2 α) e− 2npi tanαr(1+tan2 α) ]
= +∞.
On the other hand, consider the sequence wn =
r
n
(1 + i tan(−α)). We know that
tan(−α) = − tanα. Therefore,
sin
(
2npi
r(1− i tanα)
)
= e
i 2npi
r(1+tan2 α) e
−2npi tanα
r(1+tan2 α) − e−i 2npir(1+tan2 α) e+ 2npi tanαr(1+tan2 α)
and
lim
n→∞
ϕ′(wn) = 2pi lim
n→∞
n2
r2(1 + i tanα)2
[e
i 2npi
r(1+tan2 α) e
−2npi tanα
r(1+tan2 α) − e−i 2npir(1+tan2 α) e+ 2npi tanαr(1+tan2 α) ]
= −∞.
This implies that limz→0 ϕ′(z) does not exist. By Theorems 2.1 and 2.2, ϕ does not admit
an asymptotic expansion.
Proposition 5.1. Let ϕ : S → C be a non-constant holomorphic function that admits a
nonzero asymptotic expansion ϕˆ(z) in a sector S ⊂ C. Then InvS(ϕ) is a finite subgroup
of Diff(C, 0).
Proof. By Lemma 5.1 f ∈ InvS(ϕ) implies that f ∈ InvS(ϕˆ) where
Inv(ϕˆ) = {g ∈ Diff(C, 0) : ϕˆ ◦ g = ϕˆ (as power series)} .
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Therefore, ]InvS(ϕ) ≤ ]Inv(ϕˆ). It is enough to show that Inv(ϕˆ) is finite. By Lemma
4.1 there are a number n0 ∈ N and a formal power series ψˆ such that ϕˆ ◦ ψˆ(z) = zn0 for
every z in S.
Claim 5.1. There is an isomorphism (bijection)
G : Inv(ϕˆ) → Inv(zn0)
g 7→ ψˆ−1 ◦ g ◦ ψˆ
In fact, suppose that g ∈ Inv(ϕˆ) then ϕˆ ◦ g = ϕˆ implies that
ϕˆ ◦ ψˆ ◦ ψˆ−1 ◦ g = ϕˆ
zn0 ◦ ψˆ−1 ◦ g = ϕˆ
zn0 ◦ ψˆ−1 ◦ g ◦ ψˆ = ϕˆ ◦ ψˆ
zn0 ◦ ψˆ−1 ◦ g ◦ ψˆ = zn0 .
It remains then to observe that Inv(zn0) is the finite cyclic group generated by the rotation
θ(z) = e
2pii
n0 z. 
6. Foliations and reduction of singularities
Now we will provide a brief review of some concepts on holomorphic foliations with
singularities. For further references see [7, 8, 29].
Let F be a holomorphic foliation with isolated singularities on a complex surface M .
Denote by sing(F) the singular set of F . Given a leaf L0 of F we choose any base
point p ∈ L0 ∈ M \ sing(F) and a transverse disc Σp b M to F centered at p. The
holonomy group of the leaf L0 with respect to the disc Σp and to the base point p is
the image of the representation Hol : pi1(L0, p) → Diff(Σp, p) obtained by lifting closed
paths in L0 with base point p, to paths in the leaves of F , starting at points z ∈ Σp, by
means of a transverse fibration to F containing the disc Σp (see [9], chapter IV). Given
a point z ∈ Σp we denote the leaf through z by Lz. Given a closed path γ ∈ pi1(L0, p)
we denote by γ˜ its lift to the leaf Lz and starting from the point z. Then the image
of the corresponding holonomy map is h[γ](z) = γ˜z(1), i.e., the final point of the lifted
path γ˜z. This defines a diffeomorphism germ map h[γ] : (Σp, p) → (Σp, p) and also a
group homomorphism Hol : pi1(L0, p) → Diff(Σp, p). The image Hol(F , L0,Σp, p) ⊂
Diff(Σp, p) of such homomorphism is called the holonomy group of the leaf L0 with
respect to Σp and p. By considering any parametrization z : (Σp, p) → (D, 0) we may
identify (in a non-canonical way) the holonomy group with a subgroup of Diff(C, 0).
It is clear from the construction that the maps in the holonomy group are constant in
the traces of each leaf of the foliation in the given transverse section. Nevertheless, this
property can be shared by a larger group that may therefore contain more information
about the foliation in a neighborhood of the leaf. The virtual holonomy group of the leaf
with respect to the transverse section Σp and base point p is defined as ([8] Definition 2,
page 432 or also [11])
Holvirt(F ,Σp, p) = {f ∈ Diff(Σp, p) : L˜z = L˜f(z),∀z ∈ (Σp, p)}.
The virtual holonomy group contains the holonomy group and consists of the map germs
that are constant in the trace of each leaf of the foliation in a transverse section.
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Reduction of singularities We denote by F a representative of a germ of holomorphic
foliation with a singularity at the origin 0 ∈ C2, defined in an open neighborhood U of the
origin such that 0 is the only singularity of F in U . Theorem of redution of singularities
of Seindenberg [29] asserts the existence of a proper holomorphic map σ : U˜ → U which
is a finite composition of quadratic blowing up’s, starting with a blowing up at the origin,
such that the pull-back foliation F˜ := σ∗(F) of F by σ satisfies:
(1) The exceptional divisor E(F) := σ−1(0) ⊂ U˜ can be written as E(F) = ⋃mj=1 Dj
where each irreducible component Dj is diffeomorphic to an embedded projective
line P(1) introduced as a divisor of the successive blowing up’s.
(2) sing(F) ⊂ E(F) is a finite set and any singularity p ∈ sing(F˜) is irreducible i.e.,
belongs to one of the following categories:
• xdy − λydx+ h.o.t. = 0, λ /∈ Q+ (non-degenerate singularity),
• yp+1dx− [x(1 + λyp) + h.o.t.]dy = 0, p ≥ 1. This case is called a saddle-node.
We call the lifted foliation F˜ the desingularization or reduction of singularities of F .
The foliation is non-dicritical if E(F) is invariant by F˜ . This is equivalent to say that
F admits only a finite number of separatrices. Any two components Di and Dj, i 6= j,
of the exceptional divisor, intersect (transversely) at at most one point, which is called a
corner. There are no cycles and no triple points in the exceptional divisor.
The following is an important result relates analytic conjugation for germs of singular-
ities and for their holonomy maps.
Theorem 6.1 (Martinet-Ramis [21] pg. 595). Let F1 , F2 be two germs of non-degenerate
singularities Fj : xdy−λy(1+ bj(x, y))dx = 0, with bj(x, y) holomorphic, bj(0, 0) = 0, λ ∈
R−. Denote by fj : C, 0→ C, 0 the holonomy map of Γ: (y = 0) with respect to Fj . Then
F1 and F2 are analytically conjugate by a holomorphic diffeomorphism Φ: C2, 0 → C2, 0
if, and only if, the holonomy maps f1 and f2 are analytically conjugate in Diff(C, 0).
As a corollary of Theorem 6.1 above we have:
Theorem 6.2 (Martinet-Ramis [21] pg. 595). A germ of an irreducible non-degenerate
singularity F : xdy−λydx+· · · = c is analytically linearizable if, and only if, its holonomy
map of a given separatrix is analytically linearizable.
7. Examples
This section is dedicated to show the necessity of the hypotheses in our main results.
The first example justifies the non-dichricity hypothesis of Theorem 1.1.
Example 7.1. Consider F a holomorphic foliation with an isolated singularity at 0 ∈ C2
and the pull-back foliation F˜ := pi∗(F), where pi = pi2 ◦ pi1 : M2 → C2 is the blow-up
resolution of F . Suppose that F˜ exhibits a dicritical component P2, where the exceptional
divisor D = pi−1(0) is given by D =
2⋃
j=1
Pj. Then, the component P2 is transverse to F˜
(without tangent points). (See figure 1 below). Consider a separatrix Γ˜ transverse to
P2 and Σ˜ ⊂ P2 a transverse section such that Σ˜ t Γ˜. Since P2 is a dicritic component
there is a neighborhood U˜ of Σ˜ such that for F˜ |U˜ admits a holomorphic first integral.
Denote U = pi(U˜), Γ = pi(Γ˜) and Σ = pi(Σ˜). Then there is a holomorphic first integral
for F defined in the neighborhood U of Σ in C2. The restriction of this holomorphic first
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Figure 1. P2 is a dicritical component of D.
integral to Σ implies that the pair (F ,Γ) admits a moderate sectorial first integral. On
the other hand, we maiy obtain such a foliation F for which the holonomy group of the
component P1 is not finite (see [19]). Therefore, F does not admit a holomorphic first
integral defined in a neighborhood of 0 ∈ C2. The point is that F is dicritic.
In the next example we show the necessity of the hypothesis about non-zero asymp-
totic expansion in main results. This example will also motivate the notion of non-weak
separatrix that we will do in the section §10.1.
Example 7.2. Consider the saddle-node F given by
ω2,1(x, y) =
{
x˙ = x
y˙ = y2.
Observe that
xdy − y2dx = 0⇒ dy
y2
− dx
x
= 0⇒ d(−1
y
− lnx) = 0.
Consider the strong separatrix Γs : {y = 0}, the weak separatrix Γw : {x = 0} and the
transverse sections Σs : (x = 1) and Σw : (y = 1). Then the foliation admits the first
integral f(x, y) = xe
1
y which is holomorphic outside of the Γs .
Denote by Σ∗w := Σw \ {(0, 1) ∈ C2} and Σ∗s := Σs \ {(1, 0) ∈ C2}. The restriction
ϕw = f |Sw = xe is a sectorial first integral and admits nonzero asymptotic expansion at
any sector Sw ⊂ Σ∗w. Consider a sector Ss ⊂ {y ∈ Σ∗s : Re(y) < 0}. Since ϕs(y) = e
1
y we
have
| ϕs(y)− 0 | = | e
1
y |= eRe( 1y ) = eRe
(
y¯
|y|2
)
= e
1
|y|2Re(y¯) = e
1
|y|2Re(y).
Since e
1
|y|2Re(y) ∈ R and Re(y) < 0 for all k ∈ N there is a constant Ak > 0 such that
e
1
|y|2Re(y) ≤ Ak | y |k
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Figure 2. Saddle-node example: Transversal sections and separatrices.
∀y in a proper subsector S ′ ⊂ Ss. Therefore, ϕs admits 0 ∈ C as asymptotic expansion
in Ss. Nevertheless, F does not admit a holomorphic first integral. The point is that:
i) ϕw admits a nonzero asymptotic expansion, but Γw is a a weak separatrix;
ii) ϕs admits zero as asymptotic expansion.
8. Dulac correspondence and transport by holonomy
In this section we will describe an important tool used to prove Theorem 1.1. This is
the Dulac correspondence (see [11, 13, 31, 32]).
Motivated by Seindenberg reduction theorem (see section 6), we consider F˜ a foliation
on a compact complex surface M˜ and D ⊂ M˜ a compact (codimension one) invariant
divisor with normal crossing, no cycles and no triple points. We write D = ∪mj=1Dj,
where each Dj is an irreducible smooth component, and fix local transverse sections Σj
such that Σj ∩ Dj = pj /∈ sing(F˜), and (Σj, pj) ∼= (C, 0). Denote by Gj the holonomy
group Hol(F˜ , Dj,Σj) of Dj (we refer to section 6 for definition of holonomy group or [23]
for more properties). Denote by Lz the leaf of F˜ that contains the point z ∈ M˜ . The
virtual holonomy group Ĝj of M˜ relative to the component Dj at the section Σj is defined
to be ([8])
Ĝj = Hˆol(F˜ , Dj,Σj) = {f ∈ Diff(Σj, pj) L˜z = L˜f(z), for any z ∈ (Σj, pj)}.
Clearly, this virtual holonomy group Ĝj contains the holonomy group Gj. Now we will
fix a corner q = Di ∩Dj and make the following assumption:
ASSUMPTION . The corner q is an irreducible singularity with a holomorphic first inte-
gral.
Since q is irreducible with a holomorphic first integral, by Mattei-Moussu theorem
(Theorem 6.2) there are local holomorphic coordinates (x, y) ∈ U such that Di∩U = {x =
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0}, Dj ∩U = {y = 0}, and such that F˜ |U is given in the normal form as nxdy+mydx = 0
and q : x = y = 0, where n/m ∈ Q+ and 〈n,m〉 = 1. We fix the local transverse sections
as Σj = {x = 1} and Σi = {y = 1}, such that Σi ∩ Di = qi 6= q and Σj ∩ Dj = qj 6= q.
Denote by h0 ∈ Hol(F˜ , Di,Σi) the element corresponding to the corner q. Then we have
h0(x) = exp(−2
√−1pin/m)x. The local leaves are given by xmyn = cte. The Dulac
correspondence is therefore given by (all branches are considered)
Dq : F(Σi)→ F(Σj), Dq(x) = {xm/n}.
For the purpose of this paper we may assume that Gi is abelian (for the another cases see
[11, 13, 31, 32]). Take any element h ∈ Gi. Since Gi is abelian, we have h(x) = µxh˜(xm)
for some h˜ ∈ O1, h˜(0) = 1. We take µ1 = µm/n and h1 = h˜m/n to be one of the n-roots of
µm and h˜m, respectively. Then we define hDq : (Σj, qj)→ (Σj, qj) by hDq(y) = µ1yh˜1(yn).
We consider the collection {hD} of all these elements.
We will use the Dulac correspondence inside the proof of Theorem 1.1, to transport
the moderate sectorial first integral between two different projective lines with a common
corner. More precisely, we have the following lemma.
Lemma 8.1. Let F˜ be a foliation on a compact complex surface M˜ , and D ⊂ M˜ a
compact (codimension one) invariant divisor with normal crossing and no triple points.
We write D = ∪mj=1Dj, where each Dj is an irreducible smooth component. Let D1, D2 be
two components such that the corner q ∈ D1 ∩D2 admits a neighborhood U of q, where F˜
can be written in the normal form nxdy + mydx = 0. Suppose that there is a separatrix
Γ1 ⊂ D1 such that the pair (F˜ ,Γ1) admits a moderate sectorial first integral ϕ1 : S1 → C,
where S1 is a sector contained in a transverse section Σ1 and vertex at a point q1 ∈ Σ1.
Then for every point q2 ∈ D2 ∩ U \ {q}, there are a transverse section Σ2 3 q2, a sector
S2 ⊂ Σ2 with vertex at q2, and a holomorphic function ϕ2 : S2 → C, such that ϕ2 is
constant in the traces of each leaf of F in S2 and which admits a nonzero asymptotic
expansion. Moreover if Dq : F(Σ1) → F(Σ2) denotes the Dulac correspondence then
ϕ1 ◦ Dq = ϕ2.
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Proof. Fix a point q2 ∈ D2 ∩ U \ {q}. Let Σ2 ⊂ U be a transverse section in q2. Denote
F(Σ1) the collection of subsets E ⊂ Σ1 such that E is contained in some leaf of F˜ |U .
Define F(Σ2) in a similar way. Denote by Dq : F(Σ1)→ F(Σ2) the Dulac correspondence
given by Dq(x) = {xm/n}. Let be the subcollection A = {E ∈ F(Σ1) : E ∩ S1 6= ∅}. Take
a sector S2 ⊂ Σ2 with vertex at q2, such that Dq(E) ∩ S2 6= ∅,∀E ∈ A.
Define ξ : S2 → S1 given by ξ(y) = yn, where n is given by the normal form. By the
construction of S2 and the Dulac correspondence, ξ is a well define holomorphic function.
Define ϕ2 : S2 → C given by ϕ2 = ϕ1 ◦ ξ. Since ϕ1 is a moderate sectorial first integral,
we have that ϕ1(E) = cte, for every E1 ∈ A. Then ϕ2(Dq(E)) = ϕ1 ◦ ξ(Dq(E)) =
ϕ1(E) = cte. Furthermore, for every element of holonomy h ∈ Hˆol(F˜ , D1,Σ1) = {f ∈
Diff(Σ1, q1) L˜z = L˜f(z), for any z ∈ (Σ1, q1)}, we have a collection {hD} ⊂ Diff(Σ2, q2)
satisfying the adjunction equation hD ◦ Dq = Dq ◦ h. In particular, for every y ∈ S2 the
adjunction equation implies that ξ ◦ hD(y) = h ◦ ξ(y). Therefore, for every y ∈ S2, we
have
ϕ2 ◦ hD(y) = ϕ1 ◦ ξ ◦ hD(y)
= ϕ1 ◦ h ◦ ξ(y)
= (ϕ1 ◦ h) ◦ ξ(y)
= ϕ1 ◦ ξ(y)
= ϕ2(y).
It remains to prove the asymptotic property of ϕ2. It is known that ξ admits ξˆ = y
n = ξ
as asymptotic expansion. Since ϕ1 is a moderate sectorial first integral there is a nonzero
formal power series ϕˆ1 such that ϕ1 admits ϕˆ1 as asymptotic expansion in S1. By Theorem
2.2, ϕ2 = ϕ1 ◦ ξ admits ϕˆ1 ◦ ξˆ as nonzero asymptotic expansion in S2. 
Another important tool is the transport by holonomy. This tool will be required to
carry the moderate sectoral first integral throughout (all over) the projective lines of the
reduction of singularities.
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Lemma 8.2. Let F˜ be a foliation on a compact complex surface M˜ , and D ⊂ M˜ a
compact (codimension one) invariant divisor with normal crossing and no triple points.
We write D = ∪mj=1Dj, where each Dj is an irreducible smooth component. Let be q1, q2 ∈
Dj \ sing(F˜), for some j ∈ {1, . . . ,m}. Suppose that there are a transverse section
Σ1 3 q1, a sector S1 ⊂ Σ1 with vertex at q1, and a holomorphic function ϕ1 : S1 → C,
such that ϕ1 is constant in the traces of each leaf of F in S1 and which admits a nonzero
asymptotic expansion in S1. Then there are a transverse section Σ2 3 q2, a sector S2 ⊂ Σ2
with vertex at q2, and a holomorphic function ϕ2 : S2 → C, such that ϕ2 is constant in
the traces of each leaf of F in S2 and which admits a nonzero asymptotic expansion in
S2.
D
�
q
q
1
1
1S
U �1
2�
j2
Figure 5. Transport by holonomy.
Proof. Since Dj is a 2-sphere we may choose a simple path γ : [0, 1]→ Dj \ sing(F˜), such
that γ(0) = q2 and γ(1) = q1. Take a transverse section Σ2 3 q2. Then, we will consider
the holonomy map of γ, fγ : Σ2 → Σ1. Let S2 be a sector in Σ2 with vertex at q2, such
that fγ(S2) ⊆ S1. Define ϕ2 : S2 → C by ϕ2 = ϕ1 ◦ fγ.
Claim 8.1. ϕ2 is invariant by Hol(F , Dj,Σ2, q2)
Indeed, let gδ ∈ Hol(F ,Σ2, q2) be the holonomy associated with a closed path δ :
[0, 1]→ Dj \ sing(F˜), with δ(0) = δ(1) = q2. Put β = γ ◦ δ ◦ γ−1. Then we can consider
an element gβ ∈ Hol(F , Dj,Σ1, q1) given by gβ = fγ ◦ gδ ◦ (fγ)−1. The fact that ϕ1 is
constant in the traces of each leaf implies that ϕ1 ◦ gβ = ϕ1. Then
ϕ1 = ϕ1 ◦ gβ
= ϕ1 ◦ (fγ ◦ gδ ◦ (fγ)−1)
= (ϕ1 ◦ fγ) ◦ gδ ◦ (fγ)−1
= ϕ2 ◦ gδ ◦ (fγ)−1.
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From this we have that
ϕ1 = ϕ2 ◦ gδ ◦ (fγ)−1 ⇒ ϕ1 ◦ fγ = ϕ2 ◦ gδ
⇒ ϕ2 = ϕ2 ◦ gδ.
This proves Claim 8.1.
Claim 8.2. The function ϕ2 admits a nonzero asymptotic expansion in S2.
In fact, by Theorem 2.1, fγ admits fˆγ(z) =
∑∞
r=0
fr
r!
zr as asymptotic expansion in the
sector S2, where fr = limz→0f (r)(z) (recalling that f (r) is the r-th derivative of f). Since
limz→0f(z) 6= 0 then fˆγ 6≡ 0. Let ϕˆ be the nonzero asymptotic expansion of ϕ. By
Theorem 2.2, ϕ2 = ϕ ◦ fγ admits ϕˆ ◦ fˆγ as nonzero asymptotic expansion in S2. This
proves Claim 8.2.
The separatrix Γ2 divides U in two parts U = U0 ∪ U1 such that q0 ∈ U0 and q0 6∈ U0.
Finally by Dulac correspondence (Lemma 8.1) there is a point q3 ∈ U1 such that there
are a transverse section Σ3 3 q3, a sector S3 ⊂ Σ3 with vertex at q3, and a holomorphic
function ϕ3 : S3 → C, such that ϕ3 is constant in the traces of each leaf of F in S3 and
which admits a nonzero asymptotic expansion in S3. 
Proposition 8.1. Let F˜ be a foliation on a compact complex surface M˜ , and D ⊂ M˜ a
compact (codimension one) invariant divisor with normal crossing, no cycles and no triple
points. We write D = ∪kj=1Dj, where each Dj is an irreducible smooth component. Let pk
be a point in Dk∩sing(F˜). Suppose that there is a separatrix such that Γk∩Dk = {pk} and
the pair (F˜ ,Γk) admits a moderate sectorial first integral. Then for every non-singular
point p ∈ Dj \ sing(F˜) and any transverse section Σp 3 p there is a sector Sp ⊂ Σp with
vertex at p and a moderate sectorial first integral ϕp : Sp → C.
D D D D� � j k
p
p
k
Figure 6. p ∈ Dj \ sing(F˜) and pk ∈ Dk ∩ sing(F˜).
Proof. First we will suppose that each separatrix other than Γk is contained in a projective
line of D. Since (F˜ ,Γk) admits a moderate sectorial first integral by Lemma 8.1 there
are a point qk ∈ Dk \ sing(F˜), a transverse section Σk 3 qk, a sector Sk ⊂ Σk with vertex
at qk, and a holomorphic function ϕk : Sk → C, such that ϕk is constant in the traces
of each leaf of F in Sk and which admits a nonzero asymptotic expansion in Sk. Let
tk ∈ Dk \ sing(F˜) be a point close enough to the corner pk−1 ∈ Dk−1 ∩Dk. By Lemma
8.2 there are a transverse section Σ′k 3 tk, a sector S ′k ⊂ Σ′k with vertex at tk, and a
holomorphic function ϕ′k : S
′
k → C, such that ϕ′k is constant in the traces of each leaf of
F in S ′k and which admits a nonzero asymptotic expansion in S ′k. Consider a separatrix
Γtk ⊂ Dk with tk ∈ Γtk . By Proposition 5.1 the holonomy map by this separatrix is finite.
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Then by Theorem 6.2 there is a neighborhood Uk−1 3 pk−1 such that F˜ |Uk−1 assume
the normal form. Then we apply again the Dulac correspondence, that is, by Lemma
8.1 there are a point qk−1 ∈ Dk−1 \ sing(F˜), a transverse section Σk−1 3 qk−1, a sector
Sk−1 ⊂ Σk−1 with vertex at qk−1, and a holomorphic function ϕk−1 : Sk−1 → C, such that
ϕk−1is constant in the traces of each leaf of F in Sk−1 and which admits a asymptotic
expansion in Sk−1. We can repeat this process until we have a transverse section Σp with
a sector Sp ⊂ Σp and a moderate sectorial first integral ϕp defined in Sp.
Now we consider the case that there is a singularity q ∈ Di ∩ sing(F˜) such that the
separatrix Γi passing through q is not contained in Di. From the previous case we obtain
that there is neighborhood of q that admits first integral. Then it is enough apply the
Dulac correspondence to obtain that the pair (F˜ ,Γi) admits a moderate sectorial first
integral. Therefore, the proof following repeating the previous case until arrive to the
point p.

9. Proof of Theorem 1.1
We are now in conditions to prove our first main result.
Proof of Theorem 1.1. Let F be a non-dicritical germ of generalized curve at 0 ∈ C2.
Assume that some pair (F ,Γ) admits a moderate sectorial first integral. We will use
induction on the number r of blow-ups of the resolution of F .
Case r = 0
We can divide this case in two:
i) Saddle-node case: By generalized curve hypothesis this case does not occur.
ii) Non-degenerated case: We write F as xdy − λydx + hot = 0, with λ ∈ C \ Q+ with
invariant axes. It is known ([18] pg. 70) that there are two transverse separatrices such
that after a change of coordinates, we can assume that the separatrizes are the coordinate
axes. We may assume Γ : (y = 0) and a transverse section Σ : (x = 1). The holonomy
map of this separatrix is of the form
h(y) = e2piiθy + ...
with θ ∈ R \ Q+. Let ϕ be the moderate sectorial first integral admitting ϕˆ as non zero
asymptotic expansion in a sector S ⊂ Σ with vertex p ∈ Σ ∪ Γ. Then ϕ ◦ h(y) = ϕ(y)
in S. By Proposition 5.1 h is finite. By Theorem 6.2, this implies that F is analytically
linearizable as m1xdy + m2ydx = 0, with m1,m2 ∈ N. Therefore, there is a holomorphic
first integral F (x, y) = xm2 + ym1 .
Case r ⇒ r + 1
Suppose now that the theorem holds for foliations that can be reduced with r > 0 blow
ups and let F be reduced with r+1 blow-ups. We perform a first blow up pi1 : C˜20 → C2 ob-
taining a foliation F(1) = pi∗1(F). Since F is reduced with r+1 blow-ups, each singularity
p1 ∈ sing(F(1)) ⊂ P1 can be reduced with at most r blow ups.
ON FIRST INTEGRALS ADMITTING ASYMPTOTIC EXPANSION 19
Claim 9.1. Given a singularity p1 ∈ sing(F(1)) ⊂ P1 there is a separatrix Γp1 of F(1)
through p1 such that the pair (F(1),Γp1) admits a moderate sectorial first integral.
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Figure 7. Γ˜ = pi∗1(Γ) and Σ˜ = pi
∗
1(Σ).
Proof of Claim 9.1. The pull-back Γ˜ of the separatrix Γ is a separatrix of F(1) for some
singularity p˜1 of F(1) in P1. Furthermore, the pull-back of Σ is a transverse section Σ˜
to Γ˜ where we can define a moderate sectorial first integral ϕ˜ : S˜ ⊂ Σ˜ → C given by
ϕ˜ = ϕ ◦ pi1. This proves the claim for the singularity p˜1. Consider p1 ∈ sing(F(1)) ⊂ P1.
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Figure 8. pi1 is a diffeomorphism outside of the origin
By Lemma 8.1, there are a point q1 ∈ P1 \ sing(F(1)), a transverse section Σ1 3 q1, a
sector S1 ⊂ Σ1 with vertex at q1, and a holomorphic function ϕ1 : S1 → C, such that ϕ1is
constant in the traces of each leaf of F in S1 and which admits a asymptotic expansion
in S1. Let us take a point q2 taken sufficiently close to p1. By Lemma 8.2 there are a
transverse section Σ2 3 q2, a sector S2 ⊂ Σ2 with vertex at q2, and a holomorphic function
ϕ2 : S2 → C, such that ϕ2 is constant in the traces of each leaf of F in S2 and which
admits a asymptotic expansion in S2. Taking P1 itself as separatrix through p1 the claim
is proved for any singularity in P1. This proves Claim 9.1. 
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Figure 9. Local first integrals.
By the induction hypothesis each singularity p˜j ∈ sing(F˜(1)) admits a holomorphic
first integral say F˜j : U˜j → C defined in a neighborhood p˜j ∈ U˜j ⊂ C˜20. Choose now a
point q ∈ P(1)\sing(F˜(1)) and a transverse disc Σ˜q centered at q. Let ϕ˜ : S˜ ⊂ Σ˜→ C be
the inverse image of ϕ : S ⊂ Σ→ C by pi1. By holonomy map and Dulac correspondence
(Lemmas 8.1 and 8.2) and recalling that p˜1 admits a holomorphic first integral, there
exists a function ϕ˜q : S˜q → C defined in a sector S˜q ⊂ Σ˜q which is a moderate sectorial
first integral for F˜(1) at q for the pair (F˜(1),P1). By Proposition 5.1 the invariance group
InvS˜q(ϕ˜q) is finite. Denote by f˜j the holonomy extension of F˜j to the transverse section
Σ˜q. Let Inv(f˜1, . . . , f˜n) < Diff(Σ˜q, q) be a subgroup generated by all the invariance
groups of the f˜i.
Claim 9.2. Inv(f˜1, . . . , f˜n) is a finite group.
Once we have proved Claim 9.2 we can just follow the main steps in [23](pg. 504) in
order to prove the existence of a holomorphic first integral for F˜(1) defined in a neigh-
borhood of P(1) in C˜20 and then we can finish the proof exactly as in [23]. Therefore, it
remains to prove Claim 9.2.
Proof of Claim 9.2. By construction each f˜i is an extension of the local first integral F˜j
coming from the same function ϕ˜. Then ϕ˜ is constant in the levels of f˜i and Inv(f˜1, . . . , f˜n) ⊂
InvS˜(ϕ˜). By Proposition 5.1 InvS˜(ϕ˜) is finite. 

10. Strong separatrix and sectorial first integral
In this section we will establish some results on saddle-node and give an important
lemma for the proof of Theorem 1.2. We start by defining the notion of asymptotic
expansion in dimension two.
Definition 10.1. ([4], [16], [22], [34]) Let F̂ (x, y) =
∑∞
i+j=0 aijx
iyj ∈ C[[x, y]] be a formal
power series, S ⊂ C a sector and Ω ⊂ C an open set centered at 0 ∈ C. We shall say that
a function F (x, y) holomorphic in Ω× S, admits F̂ as asymptotic expansion in Ω× S, if
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given any proper subsector S ′ of S, any compact disc Ω′ of Ω and for each k ∈ N there
exist a constant AS′,Ω′,k = Ak > 0 such that
| F (x, y)−
k−1∑
i+j=0
aijx
iyj |< Ak || (x, y) ||k, ∀(x, y) ∈ Ω′ × S ′.
Now we consider ω = 0 a germ of saddle-node in (C2, 0). It is known [22] that there
exist numbers p, λ and a formal coordinate change such that ω is formally equivalent to
ωp,λ(x, y) =
{
x˙ = x(1 + λyp)
y˙ = yp+1.
Moreover, there exist a formal power series ϕˆ(x, y) = x+
∑∞
j=1 ϕj(x)y
j with ϕj converging
in some disc | x |< R, (R > 0 do not dependent on j), such that the formal difeomorphism
Φˆ(x, y) = (ϕˆ(x, y), y) satisfy Φˆ∗ωp,λ ∧ ω = 0. We will denote Dp,λ the subset of the
saddle-node ω such that wp,λ is the normal final formal associated to ω. From now on
in this section we will use this notation. Under this considerations we have the following
important Theorem.
Theorem 10.1 (Hukuara-Kimura-Matuda [17]). Let ω = 0 be a saddle-node in Dp,λ
and S be a sector in C. If S admits at most open 2pi
p
, there is a limited holomorphic
transformation
Φ : Ω× S → C× S
with Ω ⊂ C is a neighborhood of 0 ∈ C, such that
(i) Φ(x, y) = (ϕ(x, y), y)
(ii) Φ∗ωp,λ ∧ ω = 0
(iii) ϕ admits ϕˆ as asymptotic expansion in Ω× S (in the sense of Definition 10.1).
Definition 10.2. The holomorphic function Φ in Hukuara-Kimura-Matuda’s theorem is
called sectorial normalization.
Let Γ : {y = 0} be the strong separatrix of wp,λ and Σ : {x = 1} be a transverse section
to Γ. We will consider a sector
S = {y ∈ Σ \ {(1, 0)} : Re(y) < 0,−pi
p
< arg(y) <
pi
p
}.
Formally, we can do the following computations:
x(1 + λyp)dy − yp+1dx
xp+1x
= 0
⇒ dx
x
−
(
1
yp+1
+
λ
y
)
dy = 0
⇒ d
(
lnx− λlny + 1
pyp
)
= 0.
Therefore, Fp,λ(x, y) = xy
−λe
1
pyp is a first integral for wp,λ outside of Γ. Since the angle
of S is at most 2pi
p
, by Hukuara-Kimura-Matuda theorem we have Φ, ϕ and Ω satisfying
(i), (ii) and (iii) above. For simplicity of notation we may suppose Ω = {x ∈ C : |x| < 2}.
Define F : Ω× S → C given by
F (x, y) = Fp,λ ◦ Φ(x, y).
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By construction F is constant in the traces of each leaf of ω = 0 in S.
Claim 10.1. The asymptotic expansion of F |{x=1}×S is zero in S.
Proof. By definition
F |({x=1}×S)(x, y) = Fp,λ ◦ Φ(1, y)
= Fp,λ(ϕ(1, y), y)
= ϕ(1, y)y−λe
1
pyp .
Then F |({x=1}×S) is holomorphic in S. Since Re(y) < 0 for all y ∈ S then
| y−λe 1pyp | ≤ | y−λ || e 1pyp |
= | y−λ | eRe
(
¯pyp
|pyp|2
)
= | y−λ | e 1p|y|2pRe(yp).
Since e
1
p|y|2pRe(y
p) ∈ R and Re(y) < 0, for any k ∈ N there is a constant Ak > 0 such that
e
1
p|y|2pRe(y
p) ≤ Ak | y |k(10.1)
with y in a proper subsector S ′ ⊂ S. Then using item (iii) of Hukuara-Kimura-Matuda
theorem and (10.1) we have
| F (1, y) | ≤ | ϕ(1, y)y−λe 1pyp − 1−
(
k−1∑
j=1
ϕj(1)y
j
)
(y−λe
1
pyp ) + 1 +
(
k−1∑
j=1
ϕj(1)y
j
)
(y−λe
1
pyp ) |
≤
[
| ϕ(1, y)− 1−
k−1∑
j=1
ϕj(1)y
j | + | 1 +
k−1∑
j=1
ϕj(1)y
j |
]
| y−λe 1pyp |
≤ [Bk | y |k +Ck | y |k]Ak | y |k
≤ Dk | y |k .

The above discussion allows us to enunciate the following lemma.
Lemma 10.1. Let F be a germ of a saddle-node foliation at 0 ∈ C2 and Γ the strong
separatrix of F . The pair (F ,Γ) admits sectorial first integral but not a moderate sectorial
first integral.
The Lemma 10.1 motivated the following definition. This notion is a central hypothesis
in Theorem 1.2.
Definition 10.3. A separatrix Γ of F is called non-weak if after the reduction of singu-
larities of F , every point of the exceptional divisor can be connected to Γ by a sequence of
projective lines starting at Γ and such that every time we reach a corner, we arrive either
on a separatrix of a non-degenerated singularity or on a strong (non-weak) manifold of a
saddle-node. We refer to section §6 for further details on the resolution of singularities
process.
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11. Proof of Theorem 1.2
Following the above discussion we have.
Proof of Theorem 1.2. Theorem 1.2 is obtained similarly to Theorem 1.1 once we have
proved the following proposition:
Proposition 11.1. Under the hypotheses of Theorem 1.2, there are no saddle-nodes in
the reduction of singularities of F .
Proof. Let F˜ = pi∗(F) be the reduction of singularities of F and consider the exceptional
divisor D =
⋃m
j=1 Dj where each Dj is an irreducible component and it is diffeomorphic
to an embedded projective line introduced as a divisor of the successive blowing up’s.
Assume that there is a saddle-node q ∈ Dr for some r ∈ {1, . . .m}. Let Γ˜ = pi−1(Γ) be a
non-weak separatrix of F˜ . Since the pair (F ,Γ) admits a moderate sectorial first integral,
the same holds to (F˜ , Γ˜). By hypothesis, every time we reach a corner q ∈ Γ˜ ∩ Dr, we
arrive through a strong in a strong manifold. Then, by Lemma 10.1, Γ˜ can not be the
strong separatrix of q. This implies that q 6∈ Γ˜. Consider the case where the strong
separatrix of q is contained in Dr. By hypothesis, every point of the exceptional divisor
can be connected to Γ˜ by a sequence of projective lines starting at Γ˜. Thus, by Proposition
8.1, for every non-singular point p ∈ Dr\sing(F˜) and any transverse section Σp 3 p, there
is a sector Sp ⊂ Σp with vertex at p and a moderate sectorial first integral ϕp : Sp → C.
We can choose p close enough to the point q such that p belongs to the strong separatrix
of q, which is a contradiction by Lemma 10.1. 

12. Proof of Theorem 1.3
In this section we will show that if we consider all separatrices then the generalized
curve hypothesis can be removed. For the convenience of the reader, we will define the
Camacho-Sad Index [10].
Let M be a complex surface. Consider an isolated singularity q ∈ M of a foliation F
near q induced by a holomorphic 1-form ω. Suppose we have a separatrix Γ of F through
q and let φ : (C2, 0) → (F , q), be a local chart such that {φ(x, 0) : x ∈ C} ⊂ Γ. Then
(φ∗ω)(x, y) = A(x, y)dx+B(x, y)dy, where A(0, 0) = B(0, 0) = 0 and A(x, 0) = 0.
Definition 12.1. ([10] pg. 585) We define the index of F relative to Γ at q ∈ Γ by
Indq(F ,Γ) = −Resx=0 ∂
∂y
(
A
B
)
(x, 0).
Example 12.1. Let q be an irreducible isolated singularity of a foliation F induced by a
holomorphic 1-form ω(x, y) = (λ1x + . . . )dy − (λ2y + . . . )dx, with λ1, λ2 6= 0. Fix Γ1,Γ2
the separatrices of F in q ∈ Γ1,Γ2 tangent to the eigen-spaces of λ1 and λ2, respectively.
Then Indq(F ,Γ1) = λ2λ1 and Indq(F ,Γ2) = λ1λ2 .
Example 12.2. Let p be a saddle-node isolated singularity of a foliation F induced by a
holomorphic 1-form η(x, y) = λ1x + A(x, y)dy − yp+1dx, where λ1 6= 0, and A(x, y) with
multiplicity ≥ 2 in (0, 0). Fix Γ : {y = 0} the strong separatrix of F in p ∈ Γ. Then
Indp(F ,Γ) = 0.
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The Camacho-Sad Index Theorem (Camacho-Sad [10], pg. 579) states that the sum of
indexes of a foliation F at all the singularities in a compact analytic smooth invariant
curve Γ on a complex surface M is equal to the self-intersection (first Chern class) of Γ
in M . In particular, ∑
p∈sing(F)∩Γ
Indp(F ,Γ) = Γ · Γ ∈ Z.
Let pi : Mq → M be the blowing up of a complex surface M at a point q ∈ M and let
F(1) be the foliation defined near Pq = pi−1(q) induced by pi∗F . Denote Γ˜ = pi−1(Γ−{q})
and {m} = Γ˜ ∩ Pq. Then ([10] pg. 585, Proposition 2.1)
Indm(F(1), Γ˜) = Indq(F ,Γ)− 1,(12.1)
and ([10] pg. 586, Proposition 2.2)
k∑
j=1
Indqj(F(1),Pq) = −1,(12.2)
where qj ∈ sing(Pq) for all j ∈ {1, . . . k}.
Next, we present the proof of Theorem 1.3.
Proof of Teorem 1.3. We will construct our argumentation based on the number r of
blow-ups of the resolution of F .
Case r = 0:
Saddle-node case: By hypothesis, for every separatrix Γ of F the pair (F ,Γ) admits a
moderate sectorial first integral. In particular, the same holds for the strong separatrix of
the saddle-node, which is a contradiction by Lemma 10.1. Therefore, this case does not
occur.
The non-degenerated case follows as in Theorem 1.1.
Assume that the result holds for foliations that can be reduced with r blow-ups. Let
us give an insight of the general case by studying some additional cases. First we shall
make an important remark. We perform the blow up pir : C˜20 → C2 obtaining a foliation
F(r) = pi∗1(F). Let D =
⋃r
j=1 Pj be the irreducible smooth components.
Claim 12.1. If there is a saddle-node q ∈ Pj in F(r) then the strong separatrix Γ˜ through
q is contained in Pj.
Proof of Claim 12.1. Suppose by contradiction that the strong separatrix Γ˜ through q is
transverse to P1. by Lemma 10.1, the strong separatrix of a saddle-node does not admit
a moderate sectorial first integral. Then Γ = pi−1r (Γ˜) is a separatrix to F , such that the
pair (F ,Γ) does not admit a moderate sectorial first integral. However, by hypothesis,
every par (F , ·) admits a moderate sectorial first integral. This is a contradiction. 
Case r = 1:
Suppose that F is reduced with r = 1 blow-ups. We perform the blow up pi1 : C˜20 → C2
obtaining a foliation F(1) = pi∗1(F). Let P1 be the irreducible smooth component.
Suppose by contradiction that there is a saddle-node q in P1:
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Let S be the strong separatrix trough q. By Claim 12.1 S ⊂ P1. By Camacho-Sad Index
Theorem, Indq(F(1), S) = 0 and
∑k
j=1 Indqj(F(1),P1) = −1. Hence, there is at least one
singularity qα ∈ P1∩sing(F(1)) and a separatrix Γα 3 qα such that Γα is transverse to P1
and qα is not a saddle-node. By hypothesis, the pair (F(1),Γα) admits a moderate secto-
rial first integral. By Proposition 8.1 for every non-singular point p ∈ P1 \sing(F(1)) and
any transverse section Σp 3 p, there is a sector Sp ⊂ Σp with vertex at p and a moderate
sectorial first integral ϕp : Sp → C. We can choose p close enough to saddle-node q such
that p ∈ S. By Lemma 10.1 this is a contradiction. Therefore, there are no saddles in
this case.
Case r = 2:
Suppose that F is reduced with r = 2 blow-ups. We perform the blow up pi2 : C˜20 → C2
obtaining a foliation F(2) = pi∗2(F). Let D =
⋃2
j=1 Pj be the irreducible smooth compo-
nents of F(2). Suppose by contradiction that there is a saddle-node q ∈ D. Let S be the
strong separatrix trough q. We have two possibilities:
i) q /∈ P1 ∩ P2: By Claim 12.1 S ⊂ P1 or S ⊂ P2. If S ⊂ P1 we proceed as in case
r = 1. If S ⊂ P2 we observe that Indq(F(2), S) = 0 and
∑k
j=1 Indqj(F(2),P2) = −2.
Hence, there is at least one singularity qα ∈ P2∩sing(F(2)) and a separatrix Γα 3 qα such
that Γα is transverse to P2 and qα is not a saddle-node. By hypothesis, the pair (F(1),Γα)
admits a moderate sectorial first integral. By Proposition 8.1 for every non-singular point
p ∈ P1 \ sing(F(1)) and any transverse section Σp 3 p, there is a sector Sp ⊂ Σp with
vertex at p and a moderate sectorial first integral ϕp : Sp → C. We can choose p close
enough to saddle-node q such that p ∈ S. By Lemma 10.1 this is a contradiction. There-
fore, there are no saddles in this case.
ii) q ∈ P1 ∩ P2: By Claim 12.1 S \ {q} ⊂ P1 − P2 or S \ {q} ⊂ P2 − P1. Following
as previous case we prove that there is no saddle-node when r = 2.
Case r = 3:
Suppose that F is reduced with r = 3 blow-ups. We perform the blow up pi : C˜20 → C2
obtaining a foliation F(3) = pi∗(F). Let D = ⋃3j=1 Pj be the irreducible smooth compo-
nents such that P1 ∩ P3 6= ∅ and P2 ∩ P3 6= ∅. Then we have three possibilities:
i) There are no saddle-nodes on the corners : Let qk ∈ Pk be a saddle-node in some
irreducible component Pk and Sk the strong separatrix through qk. It follows from Claim
12.1 that Sk ⊂ Pk. Let Γ be the separatrix of Camacho-Sad [7]. By hypothesis, the
pair (F(3),Γ) admits a moderate sectorial first integral. Since qk is not a corner then
qk 6∈ Γ ∩ Pk. By Proposition 8.1 for every non-singular point p ∈ Pk \ sing(F(3)) and
any transverse section Σp 3 p, there is a sector Sp ⊂ Σp with vertex at p and a moderate
sectorial first integral ϕp : Sp → C. We can choose p close enough to saddle-node qk such
that p ∈ Sk. By Lemma 10.1 this is a contradiction. Therefore, there are no saddle-nodes
in this case.
ii) Only one corner has a saddle-node: Without loss of generality, we will suppose that
the saddle-node q ∈ P1∩P3. By Claim 12.1 the strong separatrix S 3 q is contained in P1
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or P3. Let Γ be the separatrix of Camacho-Sad [7]. If S ⊂ P1 we use the local coordinates
of P1 for Γ. By hypothesis, the pair (F(3),Γ) admits a moderate sectorial first integral.
Since the corner P2 ∩ P3 is not a saddle-node it follows from Proposition 8.1 that for
every non-singular point p ∈ P1 \ sing(F(3)) and any transverse section Σp 3 p, there is
a sector Sp ⊂ Σp with vertex at p and a moderate sectorial first integral ϕp : Sp → C.
We can choose p close enough to saddle-node q such that p ∈ S. By Lemma 10.1 this
is a contradiction. If S ⊂ P3 we use the local coordinates of P2 for Γ. Since the corner
P2 ∩ P3 is not a saddle-node we can use the Proposition 8.1 and Lemma 10.1 we have a
contradiction. Therefore, there are no saddle-nodes in this case.
iii) The two corners have saddle-nodes : Let q1 ∈ P1 ∩ P3 and q2 ∈ P2 ∩ P3 be the saddle-
nodes and Sj be the strong separatrix trough qj with j ∈ {1, 2}. By Claim 12.1 S1 ⊂ P3 or
S1 ⊂ P1 and S2 ⊂ P2 or S2 ⊂ P3. Suppose that S1, S2 ⊂ P3. Then Indqj(F(3), Sj) = 0 for
j = 1, 2. Furthermore,
∑k
j=1 Indqj(F(3),P3) = −3, where qj ∈ P3 ∩ sing(F(3)). Hence,
there is at least one singularity qα ∈ P3 ∩ sing(F(3)) and a separatrix Γα 3 qα such that
Γα is transverse to P3 and qα is not a saddle-node. By hypothesis, the pair (F(3),Γα)
admits a moderate sectorial first integral. By Proposition 8.1, for every non-singular
point p ∈ P1 \ sing(F(1)) and any transverse section Σp 3 p, there is a sector Sp ⊂ Σp
with vertex at p and a moderate sectorial first integral ϕp : Sp → C. For j = 1, 2 we
can choose p close enough to saddle-node qj such that p ∈ Sj. By Lemma 10.1 this is a
contradiction. If S1 ⊂ P1 or S2 ⊂ P2 we can apply Proposition 8.1 and Lemma 10.1 we
have a contradiction (as in the first arguments of the case (ii) above). Therefore, there
are no saddle-nodes in this case.
Case r = 4:
Suppose that F is reduced with r = 4 blow-ups. We perform the blow up pi : C˜20 → C2
obtaining a foliation F(4) = pi∗(F). Let D = ⋃4j=1 Pj be the irreducible smooth compo-
nents. We have the following possibilities:
i) There are no saddle-nodes on the corners : Repeat the arguments of (i) case r = 3.
ii) Only one corner has a saddle-node: Repeat the arguments of (ii) of case r = 3.
iii) The two corners of the same projective line are saddle-nodes : Repeat the arguments
of (iii) case r = 3.
iv) Only one corner of each projetctive line is a saddle-node: Without loss of general-
ity, we consider P1 the projective line containing local coordinate chards of the Y-axis
and P4 the projective line containing local coordinate chards of the X-axis. Also, we con-
sider P1 ∩P2 6= ∅, P2 ∩P3 6= ∅ and P3 ∩P4 6= ∅. Suppose that there are two saddles-nodes
q1 ∈ P1 ∩ P2, t1 ∈ P3 ∩ P4 and a resonant saddle p ∈ P2 ∩ P3. Let S1 3 q1 and V1 3 t1
be the stronger separatrices through q1, t1 respectivelly. It follows from Claim 12.1 that
S1, V1 ⊂ D. If S1 ⊂ P1 and V1 ⊂ P4 we repeat the same arguments of cases r = 1, 2 and
we came to a contradiction. Suppose now that S1 ⊂ P2 and V1 ⊂ P3 (see figure 10). Let
ω˜2 be a 1-form associated to F(3) in P2, given by ω˜2 = mxdy + nydx + · · · = 0, where
m,n ∈ N and < m,n >= 1. Let Γ2 ⊂ P2 be the separatrix through the resonant saddle
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Figure 10. Strong separatrices S1 ⊂ P2 and V1 ⊂ P3.
p ∈ Γ2. The holonomy map by Γ2 is of the form
hp(y) = e
2piim
n y + ...
Let q1, . . . , qk be all saddle-nodes in P2. We consider the holonomy maps hq1 , . . . , hqk
by each strong separatrix S1, . . . Sk through q1, . . . , qk, respectively. Since P2 is simply
connected, we have
hp ◦ hq1 ◦ · · · ◦ hqk = Id.
Then, if each hqj is tangent to identity then hp is also tangent to identity. However,
h′p(0) =
m
n
with m,n ∈ N and < m,n >= 1. Hence, m = n. By Camacho-Sad Index
Theorem
Indp(F(4),Γ2) +
k∑
j=1
Indqj(F(4), Sj) = −α
where α ∈ N. Since ∑kj=1 Indqj(F(4), Sj) = 0 then
Indp(F(4),Γ2) = −α.
On the other hand,
Indp(F(4),Γ2) = −m
n
= −1⇒ −α = −1.
This implies that, P2 · P2 = −1. Analogously, P3 · P3 = −1. By equation (12.1), this is a
contradiction.
Case r > 4: All other cases follows from the above.
Therefore, under this hypothesis there are no saddle-nodes in the resolution. The proof
follows from Theorem 1.1. 
13. Proof of Theorem 1.4
As an application of our results we will give a proof of the following theorem of Mattei-
Moussu.
Theorem 1.4. (Mattei-Moussu [23], pg. 472, Theorem A) Let F be a germ of holomophic
foliation at 0 ∈ C2. Suppose that F admits a nonzero formal first integral. Then F admits
a holomorphic first integral.
Proof. We shall denote by F∗ the foliation with isolated singularities F∗ = pi∗(ω). Thus
F∗ is the pull-back of F via the blow-up map pi : C˜20 → C2. We can write the Taylor
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expansion of ω at 0 as:
ω =
∞∑
j=k
(Pjdy −Qjdx),
where Pj and Qj are homogeneous polynomials of degree j, with Pk 6≡ 0 or Qk 6≡ 0. The
1-form pi∗(ω) writes in the chart ((t, x), U) as:
pi∗(ω) =
∞∑
j=k
(Pj(x, tx)d(tx)−Qj(x, tx)dx) =
= xk.
∞∑
j=k
xj−k.[(tPj(1, t)−Qj(1, t))dx− xPj(1, t)dt].
Dividing the above 1-form by xk we obtain:
(∗) x−k.pi∗(ω) = (tPk(1, t)−Qk(1, t))dx+ xPk(1, t)dt+ x.α
where α =
∑∞
j=k+1 x
j−k−1.[(tPj(1, t)−Qj(1, t))dx+xPj(1, t)dt]. Set R(x, y) = yPk(x, y)−
xQk(x, y), in such a way that x
−k.pi∗(ω) = R(1, t)dx+ xPk(1, t)dt+ x.α.
Claim 13.1. F is non-dicritical.
Let F̂ (x, y) =
∑∞
i+j=0 aijx
iyj be a formal first integral to F . There is a formal power
series Ĝ ∈ C[[x, y]] such that ω = ĜdF̂ . We can consider ω = dF̂ , since dF̂ defines the
same foliation as ĜdF̂ . Write
F̂ = F̂k+1 + F̂k+2 + F̂k+3 + . . .
where F̂λ(x, y) =
∑
i+j=λ aijx
iyj and F̂k+1 6≡ 0. Then
dF̂ = dF̂k+1 + dF̂k+2 + dF̂k+3 + ...
We have
ωk+1 = dF̂k+1
=
∑
|I|=k+1
aIq1x
q1−1yq2dx+
∑
|I|=k+1
aIq2x
q1yq2
Let
−→
V (x, y) = x ∂
∂x
+ y ∂
∂y
be the radial vector field in C2. Then
R(x, y) = ω · −→V
= dF̂k+1 · −→V
=
∑
|I|=k+1
aIq1x
q1yq2 +
∑
|I|=k+1
aIq2x
q1−1yq2
= (k + 1)
∑
|I|=k+1
aIq1x
q1yq2
= (k + 1)F̂k+1.
Since F̂k+1 6≡ 0 therefore R 6≡ 0. This proves Claim 13.1.
Claim 13.2. F is a generalized curve.
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Indeed, by blowing-up each singularity in the reduction process also admits a formal
first integral. Therefore, no saddle-nodes appear in the reduction of singularities.
From now on we consider the exceptional divisor D =
⋃m
j=1Dj where each Dj is ir-
reducible component is diffeomorphic to an embedded projective line introduced as a
divisor of the successive blowing up’s. Fix Γ : {y = 0} a separatrix of F . Without loss
of generality, we will suppose that Γ˜ = pi−1(Γ) is transverse to the projective line D1
and Γ˜ : {t = 0} on the local coordinate chart E(x, t) = (x, xt) of D1. Consider a local
DD �m
��
t0
�0
Figure 11.
coordinate chart E(x, t) = (x, xt). Then
F̂ ◦ E(x, t) =
∞∑
i+j=0
aijx
i(tx)j
=
∞∑
i+j=0
aijt
jxi+j
=
∞∑
k=0
(
k∑
i=0
ai(k−i)tk−i
)
xk
=
∞∑
k=0
Ak(t)x
k,
where the coefficients Ak are polynomials at t. Fix a non singular point t0 ∈ D1 \sing(F˜)
next enough to the corner Γ˜ ∩D1. Then F̂ ◦ E(x, t0) =
∑∞
k=0Ak(t0)x
k ∈ C[[x]], that is,
a formal power series in one variable. Let Σ0 be a transverse section at t0. By Borel-
Ritt Theorem, given a sector S0 ⊂ Σ0 there is a holomorphic function ϕ0 : S0 → C
that admits F̂ ◦ E(x, t0) as asymptotic expansion in S0. By construction, ϕ0 : S0 → C is
constant in the trace of each leaf of F˜ in S0. Furthermore, ϕ0 admits a nonzero asymptotic
expansion. Since F is a generalized curve, the corner D1∩ Γ˜ can not be a saddle-node. By
Proposition 8.1 the pair (F˜ , Γ˜) admits a moderate sectorial first integral. By isomorphism
pi : F˜ \D → F \ {0} we conclude that the pair (F ,Γ) admits a moderate sectorial first
integral. Recalling that F is non-dicritical and a generalized curve we can apply Theorem
1.1 and we conclude that F admits holomorphic first integral. 
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